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AHS Safe Control Laws for Platoon Leaders

Perry Li, Luis Alvarez, and Roberto Horowitklember, IEEE

Abstract—The AHS architecture of the California PATH pro-  The join, split, and decelerate to change lane laws are used
gram organizes traffic into platoons of closely spaced vehicles. A tg regulate the three longitudinal maneuvers: join, split, and
large relative motion between platoons can increase the risk of decelerate to change lane, respectively. The change lane law

high relative velocity collisions. This is particularly true when- trols the lateral fi f hicle when it f
ever platoons are formed or broken up by the join and split contrals the lateral motion ot a venicie when It goes from one

control maneuvers and by the decelerate to change lane control lane to another.
maneuver, which allows a platoon to create a gap before switching A previous controller design relied on the use of nominal

from one lane to another. In this paper we derive a safety region open-loop trajectories that the platoon executing the con-
for the relative velocity between two platoons. By guaranteeing trol law attempted to track [4]. The control laws were safe

that the relative velocity between platoons remains in this region, d fortable f d | ci t
impacts of high relative velocity can be avoided. Under normal and comiortable for passengers under normal circumstances.

operating conditions, there are four control laws for a platoon However, since safety was not explicitly considered in the
leader: leader law, join law, split law, and decelerate to change controller desing, if the platoon which is ahead of the one
lane law. For each control law, a desired velocity profile for the performing the maneuver undergoes large accelerations or
platoon that satisfies safety and time-optimality requirements is decelerations, comfort and safety can be compromised. If the

derived. A nonlinear velocity controller is designed to track the . L . -
desired velocity profile within a given error bound. When safety acceleration capabilities of the platoon tracking the trajectory

is not compromised, this controller keeps the acceleration and are lower than expected, the maneuvers may not complete at
jerk of the vehicles in the platoon within comfort limits. all.

Index Terms—Automated highway, backstepping, game theory, In [5], feedback based controllers for the join, split, and
minimax control, nonlinear observers, protection/safety, road decelerate to change lane laws were proposed. Controllers
vehicles control. were robust to such factors as deceleration of the lead platoon
and variable acceleration capability. Instead of using timed
trajectories for the trail platoon to follow, these controllers
use a finite-state machine that switches among feedback laws,
I N MOST of the the automated highway system (AHSh order to keep the velocity of the platoon within a safety

architectures of the California PATH program, traffic is orfimit. The controllers also keep the jerk and acceleration within
ganized into platoons of closely spaced vehicles [1]. The tighdmfort boundaries, except when safety becomes critical.
spacing between vehicles within a platoon prevents collisioggmpletion of the maneuvers in this design does not depend
at high relative velocities. The gaps between platoons are lagge meeting a desired open-loop acceleration trajectory.
to ensure that a platoon will have time to stop, avoiding a Thjs paper presents a unified control strategy for the single
high-speed collision, even if the platoon ahead of it brak@sne control laws: leader, join, split, and decelerate to change
abruptly. lane. The controller design is realized in two stages. In the

Platoons can perform three basic maneuvers [2], [3]: joifyst stage, for each control law, a desired velocity profile for
split, and change lane. In a join, two platoons join to form e platoon leader is derived. This profile guarantees that high-
single platoon; in a split, one platoon breaks into two; and iheed collision will be avoided under single-lane disturbances.
a change lane, a platoon switches into an adjacent lane. Un@ig{enever safety is not compromised, the platoon will attempt
normal operations, platoons with more than one vehicle canpgtschieved a target velocity and separation from the platoon
change lanes. Before the cha_nge lane maneuver can OC?Ura‘r'i’é'ad in minimum time and by using acceleration and jerk
platoon must be at a safe distance from the platoons in §fhin comfort limits. In the second stage, a nonlinear velocity
adjacent lane. The decelerate to change lane maneuver cre@igking controller is designed. This controller allows the
this safe spacing. _ _ platoon to track the desired velocity within a given error

The behavior of a platoon is determined by the control lagound. The control laws prevent even low-speed collisions
that is applied to its leader. Under normal operation, there afeq)| put the most extreme cases of lead platoon deceleration.
five control laws for the leader of a platoon: leader law, joif} tne platoon ahead applies and holds maximum braking, a
law, split law, decelerate to change lane law, and change lafgiision could still occur, but the relative velocity at impact
law. The leader law is used to keep a platoon traveling at,@ pe within a specified acceptable limit. As in [5], the cost
target velocity and at a safe distance from the platoon ahegflimproved safety and comfort is in the increase time that a
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and verification analysis. As the platoon safe velocity region Notice that since the dynamics of the lead and the trail
is derived using the same approach for all control lawplatoons are independent of the absolute positiafng, (or

transitions between control laws are also guaranteed to be safg,;;) the relevant dynamics of the platoons can be described
This is not the case of the previous designs [5], [4]. In thisy the dynamics of the relative displacements and of the
paper, a rigorous proof that the control laws are safe is alabsolute velocity of the lead platoon. Hence, the dynamics

presented. This proof that was not included in [5]. of the relative motion of two platoons is given by

The controller proposed in this paper can be used under . . .
normal or degraded conditions by simply changing parameters. AL (t) = dleaa(t) = Turair(?) (4)
Its use to control the longitudinal behavior during change lane AE(t) = Fread(t) — Ferait(t) = w(t) — ua(t) (5)
maneuvers is also possible. Vlead = w(t) (6)

This paper is organized as follows. Section Il presents a
theorem that establishes sufficient conditions for a control Ia¢here Az(t) and Ai(t) denote the relative velocity and the
to be safe. In Section Ill, for each control law, the desiriglative acceleration between the platoans.a = diead Is the
velocity profiles for the platoon leader are derived. Section [velocity of the lead platoon, anélc.q is its time derivative.
describes the velocity profile tracking controller design. Sim- Definition 2.1 (Unsafe Impact)An unsafe impact is said to
ulation results are presented in Section V. The proof of th&Ppen at timef if
theorem of Section Il is contained in the Appendix. Az() <0 and —A#(f) > Valiow @)

Il. SAFE CONTROL LAWS With 1,110 > 0 being the maximum allowable impact velocity.
) We shall use the notatioX ;5 C £* to denote the set of
In this section, we derive conditions to guarantee thaf| triples (Az, Ad, vieaq) Such that (7) is not satisfied and
platoon control laws are safe. The notion of safety is that the , > 0.
platoon performing the control law will not collide with the pefinition 2.2 (Safe Control)A control law for the
platoon ahead at a relative velocity greater than a prescribgsll platoon is said to be safe for an initial condition

limit, vanow. Safe control laws are accomplished under th@dﬁ(O),Aa‘i(O),mew(O)) if the following is true: For

following assumptions. any arbitrary lead platoon acceleration(r);7 > 0
1) The acceleration of any vehicle lies in the rangsuch that w(r) € [—Gmn,Gmax] anNd veaa(r) > 0,
[~ @min, Gmax)- (Az(t), Ax(t), vieaa(t)) € X5 for all £ > 0.
2) The velocity of any vehicle is always positive, i.e., The notion of safety is therefore given by the condition
reverse motions will never occur. that the trail platoon will not collide with the lead platoon

3) The maximum braking acceleratiora,,;, can be at a relative speed greater than the prescribgd,, > 0,
achievedd seconds after a full braking command igegardless of the behavior of the lead platoon. The choice of
issued. Valow depends on the particular maneuvel;,,, determines

Consider two platoons, the lead platoon and the trail platodh¢ tradeoffs between the time the maneuver takes to complete

with the latter being behind the former in the same lane. Land the risk of injuries. For example, for a join to be completed
Tirail(t) and z1eaa(t) be the positions at time of the trail in a reasonable time while maintaining safetyyo is set
and the lead platoons, respectively, anddgtq(t)@ian(t), 1O be a positive number; whereas in a splifjw IS set to
Flead(t), and iy (t) denote the first and second time derivabe zero since the time a split takes to complete is relatively
tives of these positions at time &eaq(t) and i, (t) will  insensitive t0vanow-

also be denoted byic.q(t) andv..q(t), respectively. Let the  The following theorem establishes a subset'of;s such
accelerations of the lead platoon hgt) and that of the trail that a control law exists which is safe for any initial conditions

platoon beu, (t). (Az(0), Az(0), v1eaa(0)) that lies in this subset.
The dynamics are given by Theorem 2.1:Let X5 € R be the set of Az, AZ, Vead )
that satisfy (8) shown at the bottom of the page, whekgw
F1ead(t) =w(t) (1) is the maximum relative speed between the lead and trall
Firait(t) = ta(t) (2) Platoons at which an impact can occur safely, dmsithe delay

for maximum deceleration to be achieved when a maximum
wherew(t), uq(t) € [—amin, Gmax] for all time ¢, andw(t) braking command is issued. . o
andu,(t) are such thafeaq(t) and i..i1(t) remain positive There exists a control law that is safe for any initial
for all ¢. condition (Az(0), Az(0), viead(0)) € Xiage, in the sense of
Define the relative distance between the platoons to be Definition 2.2.
Moreover, any control law that applies maximum braking

Az(t) := ZTlead(t) — Tirait (£). (3) whenever(Az(t), Az (t), vieaa(t)) € Xsare IS safe for any
Az < max { _(amax + CLmin) d— Vlead + \/2aminA$ + v12ead + Uzllow + amin(amax + CLmin)d2 (8)
_(amax + amin) d + Vallow
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Xpouna € Xas, an unsafe impact will not occur.
However, since maximum braking cannot be achieved
until after a delay ofd seconds, the condition to apply
maximum braking is more stringent (outsid®,,s.).
Indeed, the relationship between the boundadi&s, ;.
anddX,ound Of Xsate and Xy,ouna, respectively, is such
that if maximum braking is applied at timeé when
(Az(t), A&(t), Vieaa(t)) € 0Xsaze, and for+ € [0,d],

the worst case scenario which i8(r) = —a;, and

ue(T) = amax takes place, thefAz(t + d), Az(t +
d)avlead(t + d)) € 0Xpound-

Fig. 1. Relationships betweelN ;5. Xpound and Xsate. Notice that the ll. VELOCITY PROFILES

vertical axis is “-” relative velocity, i.e..—Ax.

initial condition (Axz(0),
such control law{Az(t),

—Ai(t) < max(—vieaa(t)

In this section we express the relative motion of pla-
toons as desired trajectories profiles in the state space
(Az(t), Ad(t), vieaa(t)) that satisfy both requirements: safety
#(0), V1ead(0)) € Xaare. Under and time-optimality. We will assume that, whenever safety is
2(t), vieaa(t)) satisfies not compromised, platoons should keep the acceleration and
jerk within comfort bounds.

A
A

+ \/2aminA$(t) + U12ead (t) + Uzllow (t)v UaIIOW)-
9)

A. Join Law
In a join maneuver, the goal of its control law is to decrease

We shall denote the set of &l\z, A, vieaq) that satisfy (9) the initial relative displacement between the lead platoon and
by Xpound, @ Subset ofX ;s. the trail platoonAz(0) to the desired intraplatoon spacing

Notice thatX e C Xpounda C Xass. The relations between A.’Ijjoin. The relative veIocitij:(t) should be zero at the end
Xars, Xeate and Xpouna are illustrated in Fig. 1, whem,q Of the join maneuver. According to Theorem 2.1, the resulting
is constant. trajectory of(Az(t), Az(t), vieaqa(t)) must be within the safety

Proof: See the Appendix. set Xpound-

Remark 2.1: In order to decrease the time the join maneuver takes to

1)

2)

3)

complete, the relative velocity between the trail and lead pla-
Theorem 2.1 will be used to guarantee thapons,—Az, should be maximized while observing the safety

a control law for a maneuver is safe. In théimits. This suggest that the state\z(t), Ai(t), vieaq(t)) Of

control laws that we propose in this paperthe join maneuver should be kept, as much as possible, in the

whenever (Az(t), Ai(t), vieaa (t)) ¢ Xenter boundaransafe_ of the safety sefX s in Theorem 2.1. This
maximum braking is applied. Hence, by TheorerROUndary consists of two smooth portions:

2.1, if (Az(0), A%(0),v1ead(0)) €  Xiare, the 1) In the first portion, the trail platoon is far enough from
safe control laws maintain the relationship, the lead platoon so that maximum deceleration will stop
(Az(T), Ai(7), Viead(T)) € Xpound C Xus for the lead platoon before the trail platoon hits itugfio.,

all 7 > 0. Thus, an unsafe impact will not occur. if a collision occurs.

Theorem 2.1 can also be used by the maneuver planning) The other portion of the maximum safe velocity curve
supervisor to determine if a maneuver should be allowed ~ represents the case when full braking does not stop the
to take place from the safety point of view. This is lead platoon before the trail platoon hits it @fiow, if
accomplished by checking if the initial condition lies a collision occurs.

in the setX,s for the givenwv,jow. Therefore, according with (8), the maximum safe velocity
Notice that when the delay = 0, i.e., maximum curve v,z Of the trail platoon for a givenie.q and Az is
braking can be achieved instantaneously, the setisown in (10) at the bottom of the page.

Xeate aNd Xyouna are the same. Thus, wheh = 0, To finish the join maneuver in minimum time, it is necessary
Xpound, the closure of Xyoung IS invariant if the to slow the trail platoon tovi,q at the end of the join.
control law consists of applying maximum brakindgt is imposed that the trail platoon should decelerate at the
whenever(Az, AZ, v1eaq) lies outside Xy,ouna. Since  maximum comfortable level. The velocity in the deceleration

_(amax + CLmin) d+ \/2aminA$ + U12ead + Uzllow + amin(amax + CLmin) d? (10)

Vsafe (Ulea(h A.’L’) = max {
_(amin + amaX) d + Viead + Vallow-
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Fig. 2. Basic velocity profile for 60-m initial spacing. The lead platoon is moving at a constant velocity of 25 m/s.

curve, vmin, Written as a function of..q and Az is most cases, the velocity of the trail platoon will be lower
than the velocity of the lead platoon, and thus the threat of
Vmin(Viead, AT) = min { Viead + \/20com(AT — ATjoin) high-speed collisions will be inherently reduced.
Utast - A similar approach to the one used in the join law can also
(11)  pe used for the split law. Two boundary curves are established

whereaconm IS the magnitude of the comfort acceleration anlg?r the velgcny O.f the trail platoonyu:ai. The first one, related
0 safety, is derived from (8) by assuming;.w = 0, where

decelerationAz;o:n the desired intraplatoon distance angl vallow 1S the allowable impact relative velocity. Thus, for a

Is the maximum recommend velocity for a platoon to trav%l?venvlead and Az, the maximum velocity of the trail platoon
on the highway.

In order for the join control law to be safe and to allow théOr the split law to be safe is
maneuver to be completed in minimum time, the velocity of
the trail platoon should satisfy °

afe (Uleadv A.’L’)
= _(amin + amax) d

+\/2aminA$ + v12ead + amin(amax + amin) d2. (12)

Ud(vleadv A.’L’) = Inin(vminv Usafe)-

Equations (10) and (11) define a desired velocity profile ) ) L .
for the trail platoon during a safe join law. Fig. 2 shows an The other boundary curve is related to time-optimality. This

example of this desired velocity profile in th&z(-) versus CU'V€ establishes a Iowe_r bound on the \_/e_locity of the trail
Ai(-) phase plane. For the profile in Fig. 2 it is assume@atoonj To determine thls_ lower bqund, it is _assumeq that,
that the lead platoon is traveling at constant velocity. Tﬁ@r & gIVen vieaq and A?” if the t.ra|l _platoon IS travellr)g
acceleration portion will be produced by the velocity trackingt thiS minimum velocity, then it will reach the desired
controller to be described in the next section. intraplatoon distanceAxz,;;; with null relative velocity by
The desired phase-plane trajectory for the trail pIatocﬂ‘Pplying max_imum cquort acceler_ation. It is also _assm_Jmed
velocity includes abrupt changes in acceleration at the poifiggt there exists a minimum velocCityo, below which it
where sections of the curve intersect. It is convenient to smoé?ﬂhnOt recommended t_o .travel on the highway u_nder normal
these transitions so as not to violate jerk comfort constrainfifcumstances. The minimum velocity of the trail platoon is

Cubic splines are used for this purpose [6]. therefore given by
B. Split Law Umin(vleada Ax) = max { Vlead — \/2aC0m(AxSP1it - Aw)
Uslow -
In the split maneuver the goal is to increase the distance (13)

between the lead and trail platoonnz, to a desired value
Azgpre. Platoons’ relative speed)M#, must necessarily be At any particular stat¢ Az, Az, vieaq) Of @ split maneuver,
increased to accomplish this increment. For this reason,the velocity of the trail platoon should satisfy the safety
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requirements, therefore from (12) and (13) [7]. Under normal conditions the platoon leader should keep
at least a distancAwxi.,q.; from the platoon ahead.
Va(Viead, A%) = MiN(Vmin, Vsate)- The maximum safe velocity curve,,;. for a platoon in
leader law, givenye,q and Az, is (16) shown at the bottom
C. Decelerate to Change Lane Law of the page.

The decelerate to change lane control law attempts to creatd e target velocity for the a platoon under the leader control
a safe distance between platoons in different lanes before ﬁ%’ is given by
actual change lane maneuver can take place. The decelerate to
change lane law can be treated similarly to the split law. The Umin (Viead; AL)

only distinction in terms of safety is that the maximum velocity . Vlead — \/ 20c0m(AZ1cader — AZ);
for the trail platoon has to be calculated for two lead platoons, = min if AZjecader > Az a7
the one that is in the same lane as the platoon attempting Vlink;  else.

to change lane and the one that is in the adjacent lane. The . . . .
maximum safe velocity for the trail platoon is therefore It should be noticed that this term is designed to allow the
platoon to travel at the link layer target spegg only when

Usafe(Vieady AT, Unexty Alnext) = its separation from the platoon ahead is larger than the desired
—(Gumin~+ Omax) d one, i.e.,Az > AZcader-
 20min AT +V2 O (Gmas + Gumin) 42 The desired velocity for a platoon under the leader law is
ea

min
_(amin + amax) d therefore

+\/2aminA$next +U121ext + amin(amax + CLmin) d2
(14)

Ud(vleadv A.’L’) = Inin(vminv Usafe)-

. . . : It is also important to remark that no matter which control
wherew,.y; IS the velocity of the lead platoon in the adjacent . : . .
. - ; aw is being executed, whenever the relative distance between
lane and Az,ex: iS the longitudinal spacing between the

platoon in the trail platoon and the lead platoon in the adJacé%lfat.o.onSAaj Is larger thg_n the detection range of the relative

position sensor, a transition to the leader law should be taken.
lane. ; o . ) X

- . . . . . This provision should be considered in the supervisor of the
The minimum velocity of the trail platoon is established in . .
. . .~ .control laws that will be described subsequently.
the same way as in the previous control law, but considering
the target velocity and distance with respect to the platoon in

the adjacent lane. Thus IV. VELOCITY PROFILE TRACKING CONTROL

In the previous section we established velocity profiles for

a platoon in order for a control law to be safe and fast. In
= max { Unext — \/ 20com (A change — A next ) (15) this section we introduce a velocity tracking control law that
Uslow. commands the actual velocity of the trail platoon to follow

At any particular stage of a decelerate to change laHSe velocity profiles. B -
maneuver, the velocity of the trail platoon should satisfy the W& @ssume that the positions and velocities of both the

safety requirements, therefore from (14) and (15) lead and the_ trail platoor_ls are measgreo_l quantiti_es as is
the acceleration of the trail platoon which is executing any

VUmin (Unext ’ Ax next )

Vg(Viead, AL, Vnexty Alnext) = MIN(Umin, Usafe )- of the control laws. An estimate of the acceleration of the
lead platoon is also necessary in the control law, since the
D. Leader Law velocity profile of a maneuver is a function of the lead platoon

velocity. The proposed control law combines an observer for

;.hf] Ieadetr Iatw IS tlntelnd(.atd 0 (I;etip a pflaté)_o? trav?hng tﬂe lead platoon state and a nonlinear controller design. This
a highway at a target velocily and at a safe distance from eaccomplished via the backstepping procedure and the use of
platoon ahead. As transitions from other control laws to th

leader law can happen at any point in the safe stat&sgt, it ning functions. The jerk of the lead platoon depends on the

. ecific maneuver that it is undergoing and so it is modeled
is also necessary to guarantee the safety of the leader IaW‘}Eenoise

safety of a platoon executing the leader law can be analyzedin
a similar way to a platoon that is involved in a join maneuver.
The target velocity for a platoon leader executing the leader
law is no longer the velocity of the platoon ahead, but somelet v;(Ax, vie,q) be the value of the desired velocity flow
desired velocityu; given by a highway traffic controller field for the trail platoon when the displacement between the

Backstepping Design

_(ama.x + CLmin) d
_ 2
Usafe(vleadv A.’L’) = max +\/2aminA$ + v12ead + Uzllow + amin(amax + CLmin) d (16)
_(amin + amax) d + Vlead + Vallow -
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lead and trail platoons is We propose the following control fofi;.q:

Az = Llead — Ltrail

~ orr or ar ar
j rail — Xl = : ~
Jurail 2 / et <8A$ Vlead a-/L'tra,il aalea(l )

and the lead platoon velocity ig.,q. Define the velocity error .
by Vlead — Ttrail

. . Ellead (19)
€ 1= Tirai]l — vd(Aa:, Ulead)- -’ftrail
. L Ylead
The velocity error dynamics is given by
vy Ovg ot — wheredy’, , is an estimate of the time derivative of the lead
&= F il — @) [ Flead T btrail § platoon acceleration. Whefue,q is estimated using a full-
JAx 8vlead biad A ~ . . .
order observerg,,, = Giead; Whena.,q is estimated using a
To apply the backstepping procedure, suppose first that ﬂep@luc_ed-order _observer, their difference is proport_ional to the
trail platoon acceleratioti,,,; can be controlled directly. In error in the estimate of the lead platoon acceleration. Thus
this case an appropriate control féy,,; is

Z‘}lead

. . CALlead - &izad = dl &lead (20)
F(Aﬂf y Vlead) Ltrails alead)

ae <3vd dvg ><v1ead _-Ttraﬂ) (18) Whered, = 0 when a full-order observer is used and is a

IAL iead Qlead known constant when a reduced-order observer is used.

. . ) The dynamics ofl” under (19) becomes
where di..q IS an estimate of the acceleration of the lead y (19)

platoon. N N ar ar
Define NOWdieaq := Glead — (1eaa 10 be the lead platoon I'=—-pe— Xl - <8 t 5 dl) (ilead -
. . . Vlead Alead
acceleration estimation error, and
VPN . N Using the notation in the equation shown at the bottom of
I'(t) = ra,it_]-_‘A taea t, raitaeat . . ~ .
(8) = Eiar(?) (A (), vieaa (t), Fzaia(t), freaa(t)) the page, the combined dynamicscoédndI' are given by
to be the discrepancy between the actual trail platoon accel- J \
eration and the ideal one. Then, the velocity error dynamics “ <§> _ <— 11 )(9) + glrend. 21
is given by dt \I' —fp =xg J\I ) T I @D
&= —Ae— Gteaq + 1. Notice that the stgt.e evolution matrix in (21) is stable when
Vlead Ao and 3 are positive. The design values of these parameters

can be obtained by minimizing the effect @f.,q on ¢

Consider now the dynamics af using linear methods and assuming constant valueg(©f

D or or ar  ar In particular, let[g,,g,]* be some average design constants
I' =jtran — AT Oviend OFread Ditrond of the vectorg, the transfer function frond.,q to ¢ is
Vlea - rai. — =
: (;1 dt ! ~E(3) —3 5+92/91 + A2 22)
jftea.l Aeaa(s) L2+ (A +A2)s+ A+ 8
C;Llea,(l

Thus As has the effect of shifting the zero to the left, and each
Where juail = d>xqap/dt® is the control jerk of the trail of the constants\;, A2, and/3 can also be used to move the
platoon and&lead is the time derivative of the estimate ofpoles of this transfer function to the left. The low-frequency
the lead platoon’s acceleration. The expression for the lat@&in is
depends on the implementation of the lead platoon state

observer and will be defined later when the observer is g1 A2 +§2_
presented. AAs + 3
8vd
g := aUlea,(l
- —d
aUlea,(l ! a&lead
8vd
_ aUlea,(l
- g g 821}(1 821}(1 .

—(A+dy) Do 9Dz 9Dz (Viead — Ttrail) — m Qlead
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Fig. 3. Simulation results of join from 30-m initial spacing: The initial velocity of both lead and trail platoons was 25 m/s. In the graphs, spacing
refers to Az, and relative velocity iSvyail — Vlead-

B. Lead Platoon State Observers 2) Reduced-Order ObserverThe full-order observer esti-

The velocity profile tracking controller makes use of thg'ates the position and velocity of the lead platoon (which are
estimate of the acceleration of the lead platoon, which is nr&easured quantities) in addition to the_unmegsured accelera-
measured. We now present observers that estimate it. A fil" @cad- A reduced-order observer which estimates only the
order observer is presented first, followed by the reduced-or@&celeration can be similarly designed as follows:
observer.

The lead platoon dynamics is given by 7 =—Lor — (L1 Ly L3+ L1)<§lea‘l> + q(t)
lead
d? . Olead =7 + L1Z1cad + LoVica 26
%xlead :jlead(t) (23) flead ! 1¥lead 2Vlead ( )
. o here, for this casel,; and L, are the two components of
where jieaq iS the jerk input to the lead platoon. Let w ' ) L 2
Jlead J P P the matrix L with L, >0 for the observer to be stable and
0 1 0 0 10 0 g(t) € R is a tuning function to be determined.
A=10 0 1|, B:=|0], C:= <0 1 0). It can be shown that the acceleration estimation error
0 0 0 1 Ulead = Glead — Glead is given by

1) Full-Order Observer: A full-order state observer for the

e Glead = —Lo@ead + Jlead — q(t). (27)
lead platoon acceleration is

Flead Because of the structure in (26), the reduced-order observer
7 Blead = AZjeaq — L<< Ulead> - C:v1ead> + q(?) does not allowa,..q to be computed using known quantities.
ea .

. N a can be estimated b
Alead ‘= (0 0 1 )-'L'lead (24) fead y

where #1..a € R? is the state estimate, the observer gain Olead 7= T+ L1Viead + L2Giead:

L € R**? is such thatd — LC is asymptotically stable, and hus i - 5 , (o

q(t) is a tuning function to be determined. For the full-ordef NUS dlead = Gcaq = L28icad; €., d1 = Ly in (20).

observeri.aq Can be determined without error using known

quantities from (24), i.e.d; = 0 in (20). C. Stability Analysis
~The dynamics of the acceleration estimation efigry is 1) Reduced-Order observeiSuppose that the reduced-
given by order observer is used. Consider the Lyapunov funétion
Biead = (A = LOYcad + Biieaa(?) ~ alt) Ve, I tiead) = §8¢° + 317 + yiifaa. (28)
Alead = (0 01 )-'L'lead (25)

N 1For the sake of notation simplicity, with the exceptiongfwe do not
Where #1ead := (Tlead Viead Uead)? — Elead. write the time dependence of the variables.



LI et al. AHS SAFE CONTROL LAWS

60

50

N W
o O O

spacing (m)

_
[=]

o

<

5 10 15 20
time (s)

trail acc. (m/s"2)

-2

0 5 10 15 20
time (s)

621

. D

N

rel. velocity (m/s}

0 5 10 15 20
time (s)

trail jerk (m/s"3)

0 5 10 15 20
time (s)

Fig. 4. Simulation results of join from 60-m initial spacing. The initial velocity of both lead and trail platoons was 25 m/s.

Using the dynamics of, I, and djeaq in (21) and (27)

d ~ ~ ~
% V(G, Fa &lead) = _/3)‘162 - )\QFQ + (/36 r )gélead
- ’V&IeadQ(t) + ’leeadélead - 7L2&12ead-

Thus, if we set the tuning functiog(t) in (26) to be
g

aft) =~ (9

then

d

- Ve, T, dgead) = —BA16% — Xol? — yLodd

+ ,leeadjlead(t)-
This shows that if|| jiead(*)||oc < Jmax, then
V <=2V 4+ V2V

where{ = min(A;, A, Lo). Similarly

d 1/2 /2
V < V
dt ( ) C 2 Jmax-

Hence, for any initial conditiongz(0), T'(0), d1eaq(0)), and for
any e >0, there is a timel; s.t. if ¢t > T3

@ (8] < V13r) < e

~
5(14—6)

or |e(t)] < (Jmax/C)\/7/B(1+ €) after a long enough time. T3

2) Full-order Observer: The above analysis is valid for a
reduced-order observer and a set of gals Az, and3 which
are positive. It can be generalized to the case when the matrix

__Aﬂl _iz) is stable and a full order observer is used.

Utilizing the fact that a stable linear system admits a positive
definite quadratic Lyapunov function, defidé—= (‘Aa1 L )
and Ar = A — LC the evolution matrix in the full- order
observer in (25). LetQ € R?*%2 and P € R3**3 be
positive definite symmetric matrices that satisfy the Lyapunov
equations

QF + FTQ = -20y; PAp + ALP =20,

where C; € R?*? and C,
matrices. B
Let s = (e F)T. Consider instead of (28), the Lyapunov

function

€ R3*3 are positive definite

V(e,T', fread) = 15T Qs + 738 Piead.  (29)

Then, the time derivative of its value is
V = Tcls - ryf"gadCQ-;i;lead + STQy(O 0 1)-%1ead
— AL Pa(t) + Viread OB Piraa.
Thus, an appropriate tuning functiat) is

T 0
q(t) = (g Qs) P7t{o]. (30)
v 1

Then
V = - Tcls - ryj"gadCQi'lead + leead(t)BTP';i"lead'

By choosing—2C; := 77 %

(Ay + ADTE, and =20, =
LAy + ADYT !

where F = TyA\T] and Ap =
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Fig. 5. Simulation results of join from 60-m initial spacing. The initial velocity of both lead and trail platoons was 25 m/s. The lead platoon applied

maximum braking at 3.5 s.

TQAQTQ_1 are the real decompositibrof /' and Ar, and

T} denotes the transpose df;, it can be shown that

Q=111 andP = T, ' T; % In this case,
V < —(V + 3,4 Psjlead
where( is the minimum real part of the eigenvaluesiofand

Ap and P is the third column ofP. For any value ofV, it
can also be shown that

2022
Q11Q22 — Q3

2 < pV, where p:=
and
6

(PLE1eaq)? < 5 V, where 6:=2PLP71pP;

and @,; are the(é, j)th element of the matri>xQ. Thus, an

analysis similar to the previous simplified case shows that,4)

for any initial conditions(s(0), #1..4(0)), and for anye > 0,
there is a timel; s.t. if ¢ > T}

1. 12py < Jmax [0
\ﬁl(t)lsv s \ﬂm).

Therefore|e(t)| < (Jmax/{)\/0p/v(1+€) after a long enough
time.

Issues related to the implementation of the velocity tracking

controller can be examined with more detail in [6].

2By real decompositionF' = T A4 Tfl, it is meant thatl; is real and
the diagonal of\; contains the real parts of the eigenvaluesioind the off

diagonal part is skew and contains the imaginary parts of the eigenvalues, if

any.

V. SIMULATION RESULTS

The control laws simulation results shown here are from
a Matlab program that simulates just two platoons in a
maneuver. The program was written to test the control laws
for different behaviors of the platoon ahead. All control laws
are being implemented in SmartPath [8].

Parameter values for the simulations were set as follows.

1) acom = £2 M/, This is the value used in the current
join [4]. It is commonly accepted in the literature. See
[9] and [10].

2) amin = 5 mM/S. This is the absolute value of the

maximum deceleration. This value is used in the current

join.

amax = 2.5 M/S. This is a rough approximation based

on data presented in [11]. The road is assumed to

be flat. The vehicles are assumed to have automatic
transmissions in third gear.

Jeom = 2.5 m/s’. Lygeros and Godbole [4] set the

comfortable jerk limit at 5 m/in the current join. Most

examples in the literature suggest the limit is between 2

and 2.5 m/3. See [9], [10], and [12].

3)

5) jmax = £50 m/s?. This value was selected as a physical
limit on jerk. It is less than the one given in [13].
6) vaow = 3 M/S. The severity of injuries in automobile

accidents is measured on the abbreviated injury scale
(AIS). Injuries rated from 3 to 6 on this scale are
considered serious. Injuries of AIS 2 are moderate.
They are not life threatening but may be temporarily
incapacitating. Examples are simple bone fractures or
major abrasions [14]. Fatalities are not measured on this
scale. Using actual crash data, Hitchcock related AIS
values to relative velocity at impact [15]. For crashes at
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Fig. 7. Simulation results of split from 1-60-m spacing. The initial velocity of the original platoon was 25 m/s.

or below 3.3 m/s, he found no probability of fatalities or that delays in the current braking system for PATH are

injuries rated AIS> 3. The probability of injuries rated greater than 150 ms. By redesigning the brake system,

AIS = 2 at that speed or slower is low. delays near 20 ms could be achieved [17]. Delays from
7) Azjein = 1 m. This is the current intraplatoon spacing. sensing, filtering and differentiating are also possible, but
8) AZeplit = Aleader = AZchange = 60 M. This is the they could be small at a high sample rate. The sample

current interplatoon distance. time used in the simulations shown here was 10 ms.

9) d = 30 ms. Simple brake models often include pure time 10) A\; = 0.6, Ao =15, 3 =3.9, L1 =1, Lo = 15, v =
delays of about 50 ms. It is shown in [16], however, 1.1 ande,, = 0.30 m/s. These values were determined
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Fig. 9. Simulation results of split from 30 m spacing: The lead platoon is applying comfort braking from an initial velocity of 25 m/s.

by examining the error behavior of the controller. The Fig. 4 shows results from a join with an initial spacing of
procedure for their calculation is described in [6]. 60 m. The lead platoon maintained a constant velocity. The
. . L . join took 16.5 s in this case.

Fig. 3 shows results for a join from 30-m initial spacing. g 5 show the case in which the lead platoon applies max-
The velocity of the platoon ahead was constant at 25 Mfg,ym praking when the trail platoon has maximum relative
The maneuver was completed in 11.8 s. Jerk and acceleratj@ibcity. The simulations were allowed to run until the trail
comfort limits were not exceeded. The final relative velocitlatoon either stopped or collided. Note that the simulation
is not zero as the simulation only ran to the point where thghows a collision but, as expected, the impact speed was lower
follower law takes effect. than v,i0w. The figures include a large spike in jerk. The



LI et al. AHS SAFE CONTROL LAWS 625

50 10
40 e 5
E E
Py
oy &=
% 30 B_ [}
@ °
[o% >
(77} —
20 ® -5
10 -10
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
2 3
- 2
o 0 [}
o ?\,, 1
E £
g -2 ; [}
s 2
E4 g
-2
-6 -3
0 5 10 15 20 0 5 10 15 20
time (s) time (s}

Fig. 10. Simulation results of split from 30 m spacing: The lead platoon is applying full braking from an initial velocity of 25, m{s= 0 m/s.

controller is designed so that comfort limits are disregardedided safety is the extra time that maneuvers can take to
when safety becomes critical. In these cases, the saturattomplete, particularly when current braking delays are taken
function on jerk was overridden once the large lead platodmto account. The cost of ensuring a comfortable ride during
deceleration was detected. the split and decelerate to change lane maneuvers is also time,
In the final join simulation, the lead platoon braked dbut to a lesser degree than for the safety requirements.
comfortable deceleration. No collision occurred. The results The designed nonlinear velocity tracking controller keeps
are shown in Fig. 6. the velocity of the platoon within a given error bound, while
The split law was also simulated. Figs. 7 and 8 show tliepending only in the information currently available in the
results of split from 1- and 30—60-m spacing. The cases whBATH architecture.
the lead platoon apply comfort and full braking while the trail Increments in the time needed to complete the longitudinal
platoon is attempting a split are shown in Figs. 9 and 1faneuvers reduce the time available for other maneuvers

respectively. and ultimately limit the capacity of the automated highway

The results of the other control laws are not shown, sin§&8]. If these increments cause large reductions in capacity,

they are similar to the ones already presented. alternatives to the actual longitudinal maneuvers will have to
be considered more carefully.

VI. CONCLUSIONS This controller should be tested in conjunction with a realis-

) ) o _tic car model. Inputs that accurately reflect sensor readings also
In this paper the notion of safe longitudinal control law igyyst pe added to the model. The control strategy must also

introduced. By using this notion, the control strategy proposgg tested for its ability to handle degraded sensor operation
in this paper improves the safety and preserves the comfgftsensor failure.

of the platoon leader longitudinal control laws. A state space

desired velocity profile for the platoon is used in place of the

timed trajectories used in other designs. The profile guarantees APPENDIX

minimum time performance with comfort, whenever safety is PROOF OF THEOREM 2.1

not compromised. This strategy also increases the robustness pygof: Let valow bE the maximum allowable relative

of the maneuvers to variable.acceleration performances iﬁ‘fpact speed and be the delay for maximum deceleration to
the platoon ahead. By changing parameters in the contipl achieved when a maximum braking command is applied.
equations the control laws can also be applied in cases@ifine the sef(..;. ¢ R? to be the set Of Az, Ak, Vieaq) that

bad weather or degraded road conditions. satisfy the equation shown at the bottom of the following page.

When the state of the platoon is in the safe region definggbnote by, C R° the set of{ Az, Ak, vjeaq) that satisfy
in this paper, transitions between different control laws are

always safe. The control laws reduce the threat of high—A, < \/2 A 5 5
speed collisions between platoon. The major cost of the™" max(—iead + 1/ 20min A + Vicaq + Vltow: Vallow)-
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Consider a control that would apply maximum braking wherrrom  relationships (31)—(33), for any ¢ [I1,71 + d],
ever(Az, Ak, viead) & Xsate- By @ssumption, the trail platoon g(Az(t), vieaa (), viean(t)) is  minimized if Axz(t) and
will decelerate at-a,,;,, d seconds after the maximum brakingulead(t) are minimized, andv.u(t) is maximized. Since
is applied. If maximum braking is applied at timg the
acceleration of the trail platoon at time € [t,t 4+ d] can
take values iN—amin, Gmax- )

Suppose  that (Az(0), A#(0), vieaa(0)) €  Xeate, for all ¢ € 11,11 + d]. Define fort € [11,71 + d]
we will show that under the proposed control law,

w(t), ue(t) € [—amin, omax], these three conditions are
simultaneously achieved (t) = —amin, %e(t) = Gmox

(Ax(t)v Aw(t)v Ulead(t)) € Xbound for all ¢ > O Elead(t) = Ulead(Tl) - (t - Tl)amin
Firstly, notice that sinc€Xae € Xpound, this is true Ttrail(t) = Virail(11) + (t = 11)tmax

if (Az(t), Az(t), vieada(t)) € Xeare for all ¢ > 0. — o (t=T1)?

Because (Axz(t), Ax(t), vieaq(t)) IS continuous int¢, if Ax(t) = 9 (Gmin + Gmax)
(Aa:(t),_Aa‘:(t),vlead(t)) ¢ Xgate for some timet >0, then + A&(T1)(t = T0) 4+ Az(Ty).
there existd7, ¢ > 71 > 0 when(Ax(11), Az(11), Vieaa(T1))

lies on the boundary oK. Fort € [71,71 + d] Thus, fort € [11,11 + d]

D [ [ wtordar— [ [ uordodr oS0 8) 5T P4 )
T JTy T JTy > (A—(d) d(d),ﬁtrail(d)).

We will show thatg := g(Az(T1+d), Tiead (T1+d), Teran (11 +
d)) > 0.

At t = Ty, since (Az(Ty), Ai(T1),v1eaa(T1)) IS ON the
boundary ofX;,s, we have either (34), shown at the bottom
of the page, or

+ Aa: Tl)(t — Tl) + Aa: Tl

Consider the following function that is the separation/of
from the velocity boundary ofj,ouna

g(A.’IZ’, Vlead Utrail) = Ax — bl(A.’IZ, A.’L’, Ulead)

where

Utrail(Tl) = _(amax + CLmin) d + Vallow + Ulead(Tl)- (35)
bl(AaZ, Aiﬁ, Ulead)

= Inin(vlead(t) The boundg = Q(E(Tl + d)vﬁlead(Tl + d)aitrail(Tl + d))
- \/2@111111A.’L'(t) + U12ead(t) + Uzllowv _Uallow) is given by
is the relative velocity boundary of the s&i,ouna andAz = 7 =A(11) — (Gmin + Gmax) d — Min(Vieaq(11) — Cmin d

Vlead — Vtrail- HENCE, fOrAz > 0, the triple (Az, A%, vieaq) € \/
Xpound If @and only if g(Az, viead, Virail) > 0 and Az > 0. 20min A (1} + d) + Vieaq (T3 +d) + Vallow
Notice that fore € R — Vallow)-

sign(e)[g(AL, Viead + € Virail) — 9(AL, Viead, Virail)] > 0 Suppose that (34) is true, then we have the following equation,
(31) shown at the top of the following page. If, on the other hand

Sign(e) [Q(A.’E, Vlead ) Vtrail + 6) - g(A.’IZ’, Vlead Utrail)] S 0 (35) is true’ then

(32) y = Ulead(Tl) - Utrail(Tl) - (amin + amax) d + Vallow
sign(€)[g(AZ + €, Viead; Virail) — 9(AT, Viead, Virail)] > 0 = Viead (11) = (Viead (11) + Vallow
(33) - (amin + amax) d) + _(amin + ama.x) d+ Vallow = 0.

_(amax + CLmin) d— Vlead

—Ag < max
+\/2aminA-T + U12ead + Uzllow + amin(ama.x + Clmin)d2

_(amax + CLmin) d + Vallow -

Utrail(Tl) = _(amax + CLmin) d + \/2aminA$(Tl) + U12ead (Tl) + Uzllow + amin(amax + amiﬂ) d2 (34)
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Thus, if either (34) or (35) is true, then for any [71,71 +d] Under this worst case scenario, for the first
choice in the argument ofg(¢) is shown in the

9(A®R), Vieaa(t), verait (1)) 2 7 2 0. equation at the mgi]ddle of thge( )following page, but as

For¢ > T + d, full braking is achieved i.eaq(t) = —amin.  Virail = V/20minAa(T1 + d) + v, (11 + d) + v2,,, When

We now show that ifg(T1 + d) < 0, then g(t) < (A, Ad,Vieaa) & Xpouna a@s shown in the equation at

0 for all ¢ > T, + d. From relationships (31) and (33),the bottom of the page, or, for the second choice in the

G(A®), Viead(t), Vizan()) is minimized if vieaq(¢) and Az(z) argument ofg(#)

are minimized. This is achieved #(t) = —au, for t €

[Tl +d, inf) or until Ulead(t) = 0. g(t) = Aiﬁ(Tl + d) + Vallow = g(T1 + d) <0.

y :Ulead(Tl) - Utrail(Tl) - (amax + CLmin) d— Ulead(Tl) + Gmin d
+ \/2axninE(Tl + d) + EIQead(Tl + d) + Uzllow

= (amax + amin) d—- \/2aminA$(Tl) + UIQead(Tl) + Uzllow + amin(amax + amin) d?

- (amax + amin) d+ \/2aminA_x(Tl + d) + EIQead(Tl + d) + Uzllow

= —\/2aminA$(T1) + UIQead(Tl) + Uzllow + amin(amax + CLmin) d* + Gmin d

d2
+ \/_2amin <? (amin + ama.x) - A-/Ij(irl) d— A-/Ij(irl)> + (Ulead(Tl) — Gmin d)2 + Uzllow

= _\/2aminA$(Tl) + UIQead(Tl) + Uzllow + amin(amax + CLmin) d? + Gmin d

- \/( \/2aminA$(Tl) + U%ead(Tl) + Uzllow + amin(amax + CLmin) d? — Gmin d)2

= —\/2aminA$(T1) + UIQead(Tl) + Uzllow + amin(amax + CLmin)d2 ~+ @min d

+ \/2aminA$(T1) + UIQead(Tl) + Uzllow + amin(amax + CLmin) d? — Gmin d=0.

9(t) = AHTL + d) — vieaa(T1 + d) + Gain(t — Ti + ) + |/ 20 Azt = T1 4 d) + 02yt = Ty + ) + 02y,
= A-/Ij(jﬁl + d) - Ulead(Tl + d) + amin(t - Tl + d)
+ \/2aminA$(Tl + d) + 2aminA-/l}(Tl + d) (t - Tl + d) + UIQead(Tl + d)

= 2amin(t = 11 + AVieaa(T1 + d) + a2, (t = T1 + d)2 + v,
= A-/Ij(jﬁl + d) - Ulead(Tl + d) + amin(t - Tl + d)

/2000 AT(T1 4 d) 92,0 (T1 + d) + 0210 — 20msinvisat(Ty + d)(E = Ty +d) + a2y, (t — Ty +d)?

allow

g(t) LAL(T1 + d) — Viead(T1 + d) + amin(t — 11 + d)
+ \/ 20min Az (11 + d) + v (11 + d) + 2 — 20min(t — 11 + d)

\/2aminA$(Tl + d) + UIQEBad (Tl + d) + Uzllow + a12nin(t - Tl + d)2
=Ai(T1 + d) = Vieaa(T1 + d) + amin(t — 11 + d)

n \/ (/20minA2(T1 + d) + 6200 (Th + d) + 120, = Gnnin(t = T2 + ))?

= AF(T; + d) = ieaa(T1 + d) + |/ 20min A2 (T3 + d) + 02,0 (T2 + ) + 2y, = 9(Ty +) SO
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